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Q_i Abstract 



We study the preperiodic dynatomic curves X n ^ p , the closure of set of (c, z) € C 2 
such that z is a preperiodic point of f c with preperiod n and period p (n,p> 1). 

We prove that each X n ^ p has exactly d— 1 irreducible components, these compo- 
nents are all smooth and intersect pairwisely transversally at the singular points of 
X n>p . For each component, we calculate the genus of its compactification and then 
give a complete topological description of X n ,p- We also calculate the Galois group 
of the defining polynomial of X n ^ p . 



1 Introduction 



> 

■^- Fix d > 2. For c G C, set f c (z) = z d + c. For p > 1, define 

*o, p := {(c, 2 )6C 2 / c p (^) = ^ and for all < k < p, f k c {z) ^ z). 
q X 0:P := the closure of X 0tP in C 2 . 

m 

^— i It is known that each Xq iP is an affine algebraic curve. It is called the periodic dy- 

natomic curve. It has been the subject of several studies in algebraic and holomorphic 
K> dynamical systems. 

In case d = 2, Douady-Hubbard proved the smoothness of X 0tP by the technique of 
parabolic implosion. Bousch [B] proved the irreducibility of Xq jP and calculated the Galois 
group of its denning polynomial by using combination of algebraic and dynamical method. 
Bousch [B] also calculates the genus of the compactification of X Qp . Recently, Buff and 
Tan Lei reproves the smoothness and irreducibility of Xo yP with a different method ( |BTj ). 

In the general case d > 2, the result of the irreducibility of X 0p and the Galois group 
of its defining polynomial have been obtained by Morton |Moj using a combinatorics of 
algebraic arguments, and by Lau and Schleicher |LSj [5] using dynamical arguments only. 
Yan Gao and Yafei Ou ( |GOj ) generalized the method in |BTj to give an elementary proof 
of the smoothness and the irreducibility of X 0tP . 
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Definition 1.1. For n > 0, p > 1, a point z is called a (n,p)-preperiodic point of f c if 
f° n+ P(z) = f?(z) and f c +k (z) ^ f c (z) for any < I < n, 0<k<p with (/, k) ^ (n,p). 

Now, for any n > l,p > 1, define 

Xn, P = {(c, z) e C 2 |z is a (n, p)-preperiodic point of / c } 

X n , P '■= the closure of X n>p in C 2 . 

In fact, as we shall see below, each X n<p is also an affine algebraic curve. These curves 
are called preperiodic dynatomic curves. There are much less studies about them. The 
known results include the connectivity of X UjP and the computation of the Galois group 
of its defining polynomial ([Bj, [SJ) in case d = 2. 

In this work, we will give a more detailed description of X n ^ v (for any degree d) from 
both algebraic and topology point of view. We summarize our main result below. This 
result is to be compared with results on periodic dynatomic curves. For Vd(p) the unique 
sequence of positive integers satisfying the recursive relation 

dv = J2"d(k) 

k\p 

and for ip(m) the Euler totient function (i.e. the number of positive integers less than m 
and co-prime with m), set 



k\p,k<p 

g n ^d) = l+ l -v d {p)d n - 2 [{d-l){n + p)-2d]- l -d n - 2 {d-l) Y, ¥>(?)*• **(*;) 



.k, 

k\p,k<p 

Theorem 1.2. For any d > 2, n,p > 1, the preperiodic dynatomic curve X UjP has the 
following properties : 

1. The set X n>p is an affine algebraic curve. It has d — 1 irreducible components and 
each one is smooth. Moreover, every pair of these components intersect transversally 
at the singular points of X np . The set X n ^ p has d — 1 connected components. 

2. In particular, if d = 2, the curve X UtP is smooth and irreducible, and the set X n>p is 
connected. 

3. The genus of the compactification of every irreducible component of X n>p is g n%p (d). 
Furthermore, all irreducible components are mutually homeomorphic. 

4- The Galois group of the defining polynomial of X n ^ p consists of all permutations on 
its roots which commute with f c and d-th rotation. 



Here is a tableau comparing these various curves : 
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This manuscript is organized as follows: 

In section 2, we summarize some results about periodic dynatomic curve that will be 
used in this paper. 

In section 3, we recall some results about the filled-in Julia sets and the Multibrot set 
for the family of polynomials z \- > z d + c. 

In section 4, we will prove that every X HyP is an affine algebraic curve and find its 
defining polynomial Q n , P (c,z). 

In section 5, we give the irreducible factorization of Q n ,p{c, z) and prove that each 
irreducible factor is smooth. Then each irreducible component of X n>p is a Riemann 
surface. We will show that these Riemann surfaces intersect pairwisely transversally at 
the singular points of Q n , P (c, z). 

In section 6, we will give a kind of compactification for each irreducible component 
of X HyP by adding some ideal boundary points such that it becomes a compact Riemann 
surface and then calculate the genus of this compact Riemann surface. 

In section 7, we will describe X nv from the algebraic point of view by calculating the 
Galois group of Q n , P (c, z). 

Acknowledgement. I thanks Tan Lei for helpful discussions and suggestions. 



2 Periodic dynatomic curves 

Some of our proofs and statements rely on results of the periodic curves X Qp . We sum- 
marize related results in the following theorem. Its proof can be found in [B], |BTj . |LSj . 

is], pq. 

Theorem 2.1. Let X n<p be defined at the beginning of introduction. Then 

1. There exists a unique sequence of monic polynomials {Qo, p (c, z)} {monic about z) 
such that 

$o, P (c, z) := f° p (z) - z = IJ<2o,fc(c, z) with degree {zc) (Q 0tk ) = Vd(k). 

k\p 

2. Let Co be an arbitrary parameter. Then a point zq is a root of Qo )P (co, z) G C[z] if 
and only if one of the three exclusive conditions is satisfied: 

(1) zq is a periodic point of f CQ of period p and [f^]'(zo) ^ 1 

(2) zq is a periodic point of f CQ of period p and [f^]'(zo) = 1 

(3) zq is a periodic point of f CQ of period m, where m is a proper factor of p, and 

[f°™]'(zo) is a primitive ~th root of unity 

3. Qo,p is smooth and irreducible for all p > 1 and 

<*o, P = {{c,z) e C | Q ,p(c,z) = 0}. 

4- vr 0iP : X 0jP — > C defined by 7r 0jP (c, z) = c is a degree v d {p) branched covering with 
two kinds of critical points: 



(1) Co, p ,2 = {(c, z) G Ao iP |(c, z) satisfies condition (2) m^J}. In this case, (c,z) is 

a simple critical point. 

(2) Co, p ,3 = {(c, z) G A<),p|(c, z) satisfies condition (3) zn0}. In this case, the mul- 

tiplicity of the critical point (c, z) is ^- — 1. 

The critical value set of 7r 0iP consists of roots and co-roots (see definition below) of 
all hyperbolic components of period p, where K is some algebraic closure of K. 

5. The Galois group Gq <p for polynomial Qo tP (c, z) G K[z] (where K = C(c) is the field 
of rational functions about c), consists of the permutations on roots of Qo, p (c, z) in 
K that commute with f c . 



3 Filled-in Julia sets and the Multibrot set 

Let us recall some results about the filled-in Julia set for the polynomial f c : z h- > z d + c 
and the Multibrot set in the parameter space. Their proofs can be found in [DHJ and 
[HE]. 

For c £ C, we denote by K c the filled-in Julia set of f c , that is the set of points zGC 
whose orbit under f c is bounded. We denote by M d the Multibrot set in the parameter 
plane, that is the set of parameters c £ C for which the critical point belongs to K c . 

Assume c £ Md- Then K c is connected. There is a conformal isomorphism C : 

C\if c —7- C\D satisfying C o f c = (cp c ) and 0' c (oo) = 1 (i,e. — - — — >z-+oc 1)- The 
dynamical ray of angle 9 £ T is defined by 

Rc(6) := {z £ C^K C | arg(0 c (z)) = 2vr#}. 

It is known that if 9 is rational, then as r \ 1, the point (f)~ 1 (re 2me ) converges to a point 
inK c . 

Assume c ^ Md- Then if c is a Cantor set. There is a conformal isomorphism C : 
U c — > V c between neighborhoods of oo in C, which satisfies (fi c ° fc = (0c) on U c . We may 
choose U c so that U c contains the critical value c and V c is the complement of a closed 
disk. For each 9 £ T, there is an infimum r c (9) > 1 such that 0" 1 extends analytically 
along Ro(9) D (^ £ C | r c {9) < \z\). We denote by tp c this extension and by R c {9) the 
dynamical ray 

R c (9) := ^ c (i2o(0) n {z £ C | r c (6») < |*|}). 

As |^| \ r c (9), the point ip c {re 2me ) converges to a point x £ C. If r c (0) > 1, then 
x £ C\i^ c is an iterated preimage of and we say that R c (9) bifurcates at x. If r c (9) = 1, 
then x belongs to K c and we say that R c {9) lands at x. 

The Multibrot set is connected. The map 

<p Md ■ C\M d 9c4 c (c) £ C\D 

is a conformal isomorphism. For 9 £ T, the parameter ray RM d {9) is 

RmM ■= {c e C\M d | arg(0 A/d (c)) = 2n9}. 

It is known that if 9 is rational, then as r tends to 1 from above, 0^/ (re 27 ™ 61 ) converges to 
a point of M^. We say that Rm a {9) lands at this point. A dynamical ray or parameter ray 
is called (n,p)-preperiodic if its angle is (n,p) -periodic under r : 9 — )■ dQ (modZ). There 
are three kinds of important parameters: 

• c is called a parabolic parameter if there exists a periodic point of f c with multiplier 
a primitive root of unity. Furthermore, if the multiplier is 1, the parameter c is 
called a primitive parabolic parameter, otherwise c is called a satellite parabolic 
parameter. 



• c is called a hyperbolic parameter if f c has an attracting periodic point, in other 
words a periodic point whose multiplier has an absolute value less than 1. 

• c is called a Misiurewicz parameter if c is a (n, p)-preperiodic point of f c for some 
n,p > 1. 

Parabolic parameters and Misiurewicz parameters lie on the boundary of M^. 

The set of hyperbolic parameters forms an open and closed subset of the interior of 
Md- Each connected component is called a hyperbolic component. Within a hyperbolic 
component, the period of the attracting periodic point for any parameter is the same and 
this number is called the period of the hyperbolic component. 

Let if be a p-periodic (p > 1) hyperbolic component. For every parameter c G H, 
the polynomial f c has an attracting periodic orbit { z(c), . . . , f^~ 1 (z(c)) }. Its multiplier 
defines a map 

\ H :H^D, c^ ^-f° c n (z) 

OZ z=z(c) 

Then A# : H — > D is a branched covering of degree d — 1 with only one branched point 
which is the preimage of 0. This branched point is called the center of H. The map Xh 
can be extended continuously to the closure H. Considering parameter c G dH such that 
A_ff(c) = 1, Eberlein proved the following results: 

• For p > 2, among these points, there is exactly one c which is the landing point of 
two parameter rays of period p, this point is called the root of H. Any one of the 
other d — 2 points is the landing point of only one parameter ray of period p. They 
are called the co-roots of H . The component H is said of primitive or satellite 
type according to whether its root is a primitive or satellite parabolic parameter. 
All co-roots of H are primitive parabolic parameters. 

• For p — 1, any one of these d — 1 points is the landing point of only one fixed 
parameter ray and hence a primitive parabolic parameter. 



4 The defining polynomial for X U)P 

The objective of this section is to show that X n<p is an affine algebraic curve and find its 
defining polynomial. 

Let $ n ,p( c > z) — fc (z) — f° n ( z ) (n > I, p > 1). Then the solutions of the equation 
&n, P (c, z) — consist of all (c, z) G C 2 such that z is a preperiodic point of f c with 
preperiod / and period k where < I < n and k\p. By abuse of notation, we will consider 
a polynomial in C[c, z] as a polynomial in K[z] where K = C(c) is the field of rational 
functions about c. 

Definition 4.1. A polynomial g(c, z) G C[c, z] is called squrefree if it can't be division by 
h(c, z) 2 for any non-constant h(c, z) G C[c, z\. 

6 



Lemma 4.2. There exists a unique double indexed sequence of squrefree polynomials 
{Qn,p(c, z )} n >i,p>i C C[c, z] C if [2;] monic about z such that 

$„, p (c, z) = $ n _i iP (c, 2) J^[ Q n ,k{c, z) for alln>l, p> 1. 

fc|p 

Proof. Fix any n > 1. We claim: for any Co G C\ M^, p > 1, all roots of $ n)P (co,z) 
are simple. ( Demonstration: In this case, all periodic points of f CQ are repelling and 
the critical orbit escapes to 00. Then for any root z of & n>p (co,z), (d§ ntP /dz)(co, z Q ) = 
[f<%]'( z o) {[fcoY( z o) ~ l) 7^ )■ From this claim and the fact that $ n , p (c, z) is monic about 
z, it deduce that if we can find a sequence of polynomials {Q n , P (c, z)} n >i, P >i which satisfy 
the equation in the lemma, they are naturally squrefree. 

Let Co G C \ Md be arbitrarily. The fact that z is a root of $ n _ 1)P (co, z) implies Zq is 
a root of ® n>p (co,z). By the claim above, we have $ n -i,p(co, z)\$ niP (co, z) in C[z\. Since 
Co is any point of C \ M<j, we also have $„_i iP (c, z)|<l> ni p(c, z) in K[z\. 

We proceed by induction on p. For p = 1, we define Q n ,\ = & n ,i(c, z)/$ n _i ! i(c, 2). It 
satisfies the requirement of the lemma. 

Assume now that for every 1 < k < p, the polynomial Q n ,k{c,z) is defined and 
satisfies the requirement of the lemma. Let Co be any parameter in C \ M^. Note that for 
1 < k < p, the two polynomials (en z) $ n _i,fe(co, z) and Q nt k{co, z) don't have a common 
root (by the claim above). Thus, if z is a root of Q n ,k(co,z), then it is a preperiodic 
point of f CQ with preperiod n and period m (and m|/c). In fact, m must be equal to k. 
( Otherwise, Q n ,k(co,z) • Y\m'\m Qn,m'(co,z) would have a double root at z by induction, 
but would at the same time divide $ nj fc(co, z), a contradiction to the claim above). Then 
we can conclude that any two polynomials among { $ n -i,p(cojZ), Q n ,k( c o, z) }i<fc< P have 
no common roots and any one among { $ n _i iP (co, z), Q n ,k(co, z) }i<fc< P divide $„ iP (co, z). 
Hence $ n _i !P (c , z) ■ Yl k \ p>k<p Qn,k(c , z) divides $ n:P (c ,z) in C[z]. As c is any point of 
C \ M d , the polynomial $ n _i iP (c, z) ■ Yl k \ p ,k< P Qn,k{c, z) divides $ n , p (c, z) in K[z\. We can 
then define 

Qn,p{c, Z) = ® n ,p{c, z)/[$ n - 1>p (c, z) ■ J[ Qn,k{c, z)\ . 

k\ P ,k< P 

It satisfies the requirement of the lemma. □ 

Recall that {vd(p)}p>i is the unique sequence of positive integers satisfying the recur- 
sive relation d p = ^2 k \„Vd{k). ^ * s eas Y to see that the degree of Qq^ p is vaip) and the 
degree of Q n ^ p is i>d{p)(d — l)d n ^ 1 for n > 1. 

Remark 4.3. Note that $ niP (c, z) = $ n _i jP (c, f c (z)) for any n > 1, p > 1. By the 

definition of Q n , P , we have 

Uk\ P Qn-l,p{c, fc(z)) = Uk\p <2n,p(c, z) U>2 

Uk\ P Qo, P (c, fc(z)) = Uk\ P <2o, P (c, z) U k[p Q hp {c, z) n = 1 



for any p > 1. By induction on p, it follows 

Qn-l,p( C i fc( Z )) = Qn,p( C > Z ) n>2 

Qo, P (c, f e (z)) = <5o, P (c, z)Q hp (c, z) n = 1 

/or anyp > 1. This equation implies that we can obtain the properties ofQ nyP by induction 
on n. 

Proposition 4.4. Let n > 1, p > 1 be any pair of integers and cq G C be any parameter. 
Then zq G C is a root ofQ n)P (co, z) if and only if one of the following 5 mutually exclusive 
conditions holds: 

(0) z is a (n,p)-preperiodic point of f CQ such that f l CQ {zo) ^ for any < I < n and 

LCT(C(*b)) ± i- 

(1) z is a (n,p)-preperiodic point of f CQ such that f l Co (z ) = for some < I < n. 

(2) z is a (n,p)-preperiodic point of f Co and [/£ p ]'(/™(zo)) = 1 - 

(3) ^o ^s a (n,m)-preperiodic point of f CQ such that m is a proper factor of n and 

[/<%"] '(/aTO^o)) is a primitive n/m-th root of unity. 

(4) zq is a (n — l,p)-preperiodic point of f Co and /° ( z o) = 0. 

Proof. The proof goes by induction on n. Asn = 1, Qo tP (c, f c {z)) = Qo, P (c, z) ■ Qi, p (c, z). 
For any c G C, z is a multiplier root of Q , p (c , f Co (z)) ^^ (c , /o(zo)) G C , p ,2 U C , p ,3 
(case 1) or zo = and Co is the center of hyperbolic component with period p (case 2). 

In case 1, if z is periodic, then z is a root of Qo tP (co, z). Moreover, Qo, P {co, fc (z)) and 
Qo,p(cq, z) have the same multiplicity at z , so zq is not a root of Qi, p (co, z). If zq is not 



periodic, by 3 of theorem 2.1 , zq is not a root of Qo,p(co, 2)- So zq is not a common root of 



Qo,p( c O; z) an d Qi, P (co, z). In case 2, by 4 of Theorem 2.1 , z is simple root of Qo, P (co, z), 
hence z is also a root of Qo :P (c , f co (z)). In any other situation, Qo tP (c , f co (z)) only has 
simple root. Then z is a common root of Qo,p(co, z) and Qi,p( c o, z) if and only if z = 
and Co is the center of some hyperbolic component with period p (condition (4)). Except 
this case, z$ is a root of Qx tP (co,z) -<=>- fco( z o) is a root of Qo tP (co, z) but z is not a 



(0), (1), (2), (3) in Proposition 4.4 



root of <3o,p( c O) z). Then 2 of Theorem 2.1 implies that z satisfies one of the conditions 



Assume that the proposition is established for 1 < I < n. At this time, Q n>p {c, z) = 
Qn-i, P (c,f c (z)). So for any c G C, z is a root of Q n , P {c , z) if and only if f Co {z ) is a 
root of Q n -i,p(co, z). Then by the inductive assumption, the point z satisfies one of the 



5 exclusive conditions in Proposition 4.4 □ 

Now we set 



^n, P .o = {(c?- 2 ) ^ C 2 |(c, z) satisfies Condition (0) in Proposition 4.4} 



and for 1 < a < 4, set 



Cn, P ,a = {{ c i z ) £ C 2 |(c, z) satisfies Condition (a) in Proposition 4.4} 



It is easy to see that X n , pfi U C n , p ,i U C niPi2 = <Y n ,p and C n , P) i U C n ^ 2 U C n , p , 3 U C niPi 4 is a 
finite set. Then we have 

X n , P = {{c, z)\Q ntP (c, z) = 0}. 



5 The irreducible factorization of Q n ^ p 

In the periodic case (n = 0), we know that Qq >p is smooth and irreducible (Proposition 



2.1). But in the preperiodic case (n > 1), the polynomial Q HjP displays a very different 
behavior: for d = 2, it is smooth and irreducible as the periodic case, however, for d > 3, it 
is neither smooth nor irreducible. In this section, we will find its irreducible factorization 
and prove the smoothness for each irreducible component. We will also show that these 
components pairwise intersect transversally at the singular points of X n>p . 



5.1 Affine algebraic curves, singular points and tangents 

The objective here is to give some definition and notation about affine algebraic curve 
that will be used later. The material can be found in any book about algebraic curves, 
for example [G] . 

Definition 5.1. An affine algebraic curve over C is defined as the set 

C = {(a,b)eC 2 \f(a,b) = 0} 
for a non-constant squrefree polynomial f(a,b) G C[x,y]. 

The polynomial / is called the defining polynomial of C, the degree of / is called the 
degree of C. We assume that all polynomials appearing in this section are squrefree. 

If / = n^=i fii where fi are the irreducible factor of /, we say that the affine curve 
defined by fi is a component of C. furthermore, the curve C is said to be irreducible if the 
defining polynomial is irreducible. 

Definition 5.2. Let C be an affine algebraic curve for C defined by f G C[a;, y], and let 
P = (a,b) G C. The multiplicity of C at P, denoted by multp(C), is defined as the order 
of the first non-vanishing term in the Taylor expansion of f at P, i. e. 



s=0 ' t=0 V J 



^V-by-t^J^—Mb). 



dx t dy 



If multp(C) = 1, the point P is called a smooth point of C. If multp(C) = r > 1, then 
we say that P is a singular point of multiplicity r. We say that C or f is smooth if any 
point on C is smooth. 



The following theorem provides a topological interpretation of the irreducibility of 
polynomials. 

Theorem 5.3. The polynomial f is irreducible if and only if the set of smooth points of 
f is connected. 

Let P = (a,b) G C be a point of multiplicity r (r > 1). Then the first non vanishing 
term in the Taylor expansion of / at P is 



TJx 



t=0 v ' 



(x-afiy-b) 



r-t 



Qrj 



dx t dy 



—Ja,b). 



r-t 



Note that T r (c, z) is a homogeneous polynomial about x — a and y — b, so all its irreducible 
factors are linear and they will be called the tangents of C at P. 

Definition 5.4. Let C, P, T r (c,z) be as above. Then the tangents of C at P are the 
linear irreducible factors of'T r (x,y) and the multiplicity of a tangent is the multiplicity 
of the corresponding factor. 

For analyzing a singular point P on a curve C we need to know its multiplicity but 
also the multiplicities of the tangents. If all the r tangents at the point P are different, 
then this singularity is of well-behaved type. 

Definition 5.5. A singular point P of multiplicity r on an affine plane curve C is called 
ordinary if the r tangents to C at P are distinct, and non-ordinary otherwise. 

Example. Considering the following three curve in C 2 . The pictures represent the 
projection of these curves to IR 2 . (0,0) is the unique singular point of A, B, C. For A, 







A: Ia{x,v) =V 2 



B ■ fB(x,y) =y 2 -x 3 



C:fc(x,y) = (x 2 +y 2 r-4,xV 



the origin mult (Q t Q) (A) = 2 and there are two different tangents x ± y — at (0, 0). So 
(0,0) is a double ordinary singular point of A, called a "node". For £>, mult^,o)(^) — 2 
and there is only one tangent y = at (0, 0) with multiplicity 2. So (0, 0) is a double 
non-ordinary singular point of B, called a "cusp". For C, m-u/t( ,o)(C) = 4. There are 
two different tangents x — 0,y — at (0,0) with multiplicity 2 both. So (0,0) is a non- 
ordinary singular point of C with multiplicity 4. It can be seen as a mixing of node and 
cusp. 

Definition 5.6. Let C±, C2 be any two affine algebraic curves and P is an intersecting 
point of the two curves. We say that C 1? C2 intersect transver sally at P if P is a smooth 
point for both C\ and C 2 ari <d the tangents of C±, C2 o,t P are distinct. 
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5.2 Factorization of Q n ^ and the behavior at its singular points 

Fix any n > 1, p > 1. We have the following factorization result. 

Lemma 5.7. (Algebraic version) There exists a unique sequence ofmonic polynomials 
{<li, P ( c i z )}i<i<d-i C C[c,z] C K[z] such that 

d-l 

Q n , p (c,z) = Y[qi tP ( y c,z). 
i=i 

The degree of q\ ip is d n ~ 1 Vd{p)- All points in C n ^^ are the roots of q^ p for any 
1 < j < d — 1, and there are no other common roots for q\ ip and q^ with 1 < i ^ 
j<d-l. 

(Topological version) Let V^ p = {{c,z) e C 2 \qi >p {c,z) = 0} (1 < j < d - 1). Then 
C U:Pt 4 C Vi p for any 1 < j < d — 1 and {V^ p \ C n)P ^} 1< ■ <d _ 1 are pairwise disjoint. 

Proof. Let K be a fixed algebraic closure of K. Set u = e^~ . 

Let A be a root of Qo tP {c, z) in K. Then wA, . . . ,oo d ~ 1 A are roots of Qi tP {c, z) in K. 
Let us factorize Qo, P (c, z) in K by 

"d(p) 
<5o,p(c, Z) = Y[(Z- A s ) 
s=l 

(A Sl 7^ A S2 for Si 7^ 52)- Then <5i, P (c, z) can be expressed as 

"d(p) d-lv d (p) d-l Vd{p) 

Que,*) = n ( z -^ a s) ■ ■ ■ (^-^ -i a s ) = n n ^-^ a *) = n^^ (p) n ^-a s ) 

5=1 jr'=l S=l jr' = l S=l 

Note that d\v d (p) so (u; J ')^W = 1. For 1 < j < d - 1, set 

"d(p) 
q{ p (c,z) = H (z - uM s ) = Q 0lP (c,w-'*) G C[c,z] C K[z\. 



Then q{ (c,z) is a polynomial in (c, 2) and is monic in K[z], satisfying 

d-l 

Qi, p (c,z) = Y[q{, p (c,z). 

This gives a factorization of <5i, p in K[z\. For n > 2, we can define q^ (c,z) inductively 
by < P ( C > z ) = <?n-i, P ( c > /c(*))- As Q n , p (c, z) = Q n - 1:P (c, f c (z)), we have 

d-i 

Qn, P ( c > z ) = Y[(ii,p( c > z y 
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This is a factorization of Q n , P {c, z ) in K[z\. 

We are left to prove that each g£ p (c, z) satisfies the remaining properties announced 
in the lemma. For n — 1, since q{ p (c,z) = Qo, p (c, to~^z), then (c ,z ) is a common root 
of q\ p (c,z) and ?x jP (c, z) for some l<i^j<d— 1 •<=>- (co,u;~*-2o) and (co,w _J ^o) are 
all roots of Qo jP (c, z) -<=>- (co, zo) — ( c o, 0) G C\ )P ^. For n > 2, the conclusion can be 
deduced from that of case n = 1 and the definition of q n , P (c, z). 

□ 



From Lemma 5.7, we can see that Q n , P is reducible and non-smooth ( C n)Pi 4 belongs 
to the set of singular points of Q n , P ) for d > 3. Let us now concentrate our study on the 
factors q 3 ntp (c,z), j G [l,d- 1]. 

For n > 2, g^ p (c, z) is defined by q J n ^ p (c, z) = q J n _ lp (c, f c (z)). Interpret these equations 
by topological view, we obtain a sequence of maps 

{pL, p ■ Kp — ► V n-i, P ' M ^ ( c Jc(z)) | n > 2, p > 1, 1 < j < d- l}. 

Note that for n = 1, we can also define a map p\ : V^ p — > X 0iP by p£ iP (c, 0) = (c, f c (z)). 
Lemma 5.8. For any p > 1, 1 < j ; < d — 1, 

• t/ie map p{ : Vf — >■ Af 0)P is a homeomorphism. 

• for n > 2, the map p J n : V ] n —¥ V 3 n _ lp is of degree d with critical set 

Di !p ={(c,0)eVi >p \qi >p (c,0)=0}. 

Moreover, each critical point has multiplicity d — 1 . 

Proof. It can be deduced directly from the definition of q J np (c,z), n,p > 1, 1 < j < 

d-1. ' □ 

The following proposition is the core of this section. 

Proposition 5.9. For any n,p > 1, 1 < j < d — 1, the polynomial q^ p (c,z) is smooth 
and irreducible. 



The proof of this proposition will be postponed to 5.3 . 



By Proposition 5.9, we can restate Lemma 5.8 as follows. 



Lemma 5.10. For any p > 1, 1 < j < d — 1, 

• the maps p\ : V[ p — > Xq, p is a conformal homeomorphism. 
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• For n > 2, the map p J n : V 3 n — > V 3 n _ x is a holomorphic branched covering of 
degree d with critical set 

Dl p ={(c,0)eVUql tP (c,0) = 0} 

Moreover, each critical point has multiplier d — 1 . 

Remark 5.11. By the definition of q{ (c,z), we have q\ (c,z) = q\ Jc,cu l ~^z) for any 
1 < i T^j < d — 1. Then we obtain a "rotation" r\j between V\ p and V[ p for any 
^^i^j^d— 1, defined by rij(c,z) = (c, u/ - - 7 ^). It is obviously a conformal map, then 
a M {V(p}i<j<d-i are conformal equivalent (also equivalent to X Qp ). But unfortunately, 
the map r^ can't be lifted along <p\ p and <p\ p because r^ doesn't map the critical values of 

p2 iP to that of p° 2 , so we can n °t V rove that V\ p is conformal equivalent to V| p by simply 
lifting r y . 

Q: Are {^ p } 1<< ,_ 1 conformal equivalent for fixed n>2, p > 1? 

Now, we will provide some discussion about the singular points of on X np . Following 



the definition and notation in 5.1, we have the proposition below 



Proposition 5.12. For n,p > 1, each singular point of X np is ordinary and has multi- 
plicity d — 1 . 

Proof. For any (c ,0) G Ci,p,4? is a simple root of Qo, P (c ,z), then dQ 0tP /dz(co, 0) ^ 0. 
By the Implicit Function theorem, there exists a local holomorphic function z(c) in a 
neighborhood of cq such that z(cq) = and z(c) is the attracting p periodic point of f c . 
Then as illustrated in section [3j we have a local holomorphic function 

Mc) = [f° c p ]'(z(c)) = f c {f^- l \z{c))) ■ ■ ■ f' c {f^- l \z{c)) (5.1) 

which has local degree d — 1 at cq. 

Let z(c) = afe(c — c ) k + 0{(c — c ) k+1 ) be the Taylor expansion of z(c) at c . Note 
that /° c f~ 1 (0), • • • , /c (0) are all distinct from 0. Then substitute the expansion of z(c) 
into ( 5.1[ ), we have 



[i(c) = X(c — Coy 1 ' k + higher order terms 

in a small neighborhood of cq with A ^ 0. Thus k must be 1. Then Qo yP (c, z) can be 
expressed as 

Qo, P (c, z) = a 0p (c — c ) + b 0jP z + higher order terms 

at (c , 0) with a , p ^ 0, 6 ,p 7^ 0. And hence 

?! »( c > z ) = Qo,p( c j u' 3 z) = a 0p (c — c ) + 6 ,p w ~ j '- 2 + higher order terms 
Therefore the tangents of {y{ p }i<j<d-\ at (co,0) are pairwise distinct. 
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Now assume that for 1 < I < n, the tangents of {Vf p }i<i<d-i are pairwise different 
at each point of Ci tP ^. Let (cq,Zo) be any point in C n , P ,A, then (co, fco{zo)) = (co,^o) £ 
Cn-i, P ,4- Denote the Taylor expansion of q J n _ lp (c,z) at (co,Wq) by 

<?n-i,p( c ; -2) = a n-i, P ( c - c o) + K-i, P ( w ~ w °) + higher order terms (5.2) 

where b ] n _ lp ^ (w is a simple root of q£_ 1)P (c , 2)). Since [<9f c /<9c](c , z ) = 1, [<9/c/<9z](c , Zo) 
dzy~ l , the Taylor expansion of / c (z) at (c , z ) is 

/ c (z) = Wq + (c — c ) + dz^~ x {z — z ) + higher order terms (5.3) 



Substituting (5.3) into (5.2), we obtain 

< P ( C , z ) = (°n-i lP + K-i, P )( c ~ Co) + d4~ X ■ K-i, P ( z ~ z °) + m g ner order terms 
By the inductive assumption, the tangents of {V^ p }i<j<d-i at (co, Zq) are pairwise distinct. 

So for n,p > 1 and any point (c , 20) e Cn, P ,4, the first non vanishing term of Q n , P (c, z) 

at (co, 2 ) is 

d-l 

with {(a^pjb^p) 7^ (0, 0)}i<j<rf_i pairwise different. Then (cq,Zq) is an ordinary singular 
point with multiplicity d — 1. 

□ 



Remark 5.13. Lemma 5.1 , Proposition 5^9 and Proposition 5.12 provide us a clear topo- 
logical picture of X np : 



Cn,p,4 ^s exactly the set of singular points of Q n 



/->■ 



X n<p is the union of the Riemann surfaces {V 3 np \i<j<d-i and any two of them inter- 
sect transversally at the singular points of X n>p . 



5.3 Proof of the smoothness and the irreducibility of q J n 



The objective here is to prove Proposition 5.9 



The approach to prove the smoothness is similar to that in |BTj . The idea is to 
prove that some partial derivative of q 3 n is non vanishing. Following A. Epstein, we will 
express this derivative as the coefficient of a quadratic differential of the form (f c )*Q— Q- 
Thurston's contraction principle gives (f c )*Q -Q ^0, therefore the non-nullness of our 
partial derivative. 

The approach to the irreducibility is based on the connectivity of periodic curve Xq, p . 
Then we will show the connectivity of V^ p using the branched covering <p> by induction 
on n. 
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Here we list some definitions and results about quadratic differentials and Thurston's 
contraction principle. All their proofs can be found in |BT] and |LG] 

We use Q(C) to denote the set of meromorphic quadratic differentials on C whose 
poles (if any) are all simple. If Q G Q(C) and U is a bounded open subset of C, the norm 



\Q\ 



u 



v 



is well defined and finite. 



For / : C — > C a non-constant polynomial and Q = q dz 2 a meromorphic quadratic 
differential on C, the pushforward /*Q is defined by the quadratic differential 



f^Q:=Tqdz 2 with Tq(z) := ^ f t 



q{w) 



f(w)=z 



f>{w)*' 



If Q G Q(C), then / t Qe <2(C) also. The following lemma is a weak version of Thurston's 
contraction principle. 

Lemma 5.14. If f : C — > C is a polynomial and if Q G Q(C), then f*Q ^ Q. 



The formulas below appeared in |LGj chapter 2, we write them together as a lemma. 
Lemma 5.15 (Levin). For f = f c , we have 

7, I 

(5.4) 



./; 



./; 



&L l 



I 



dz 2 



dz^ 



z — aj f'(a) \z — f(a) z — c 



ifa^O 



Proof of Proposition 5.9 The proof goes by induction on n. 

For n — 1, as q{ tP (c, z) = Qo tP (c, u~^z) and Qo tP (c, z) is smooth and irreducible, we 
know that q\ (c, z) is smooth and irreducible for 1 < j < d — 1. Assume that for 
1 < I < n, 1 < j < d — 1, the polynomial qj (c,z) is smooth and irreducible. Then we 
will show that qi tP {c, z) is smooth and irreducible. Now fix any j £ [1, d — 1]. 

Smoothness of q^ p : As q™ p (c,z) = q^_ lp (c, f c (z)), for any (c ,2 ) a root of qi° p (c,z), 
we have 



dq% 



Jo 



cV: 



l Co, ^oj 



8£.i, 



cV: 



(c ,Wo) + 



C-l, 



"in: 



9,-- -ar 1 " 1 -"'"'--'- 



l Co, ^Oj 



<92 
-(CQ,Wo) -/cn(^o) 



l Co, Wo J 



(5.5) 



whereto = /co^o)- Then if z ^ 0, by assumption of induction of smoothness, [dq^ p /dc] (cq 
, zq) and [dq^ p /dc](co, z ) can not equal to simultaneously, it follows that qff (c,z) is 
smooth at (c ,Zo)- So we are left to prove that q^ p (c, z) is smooth at (c ,0) G V^° p . In 
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this case, Cq is a Misiurewicz parameter with preperiod n — 1 and period p. Note that 
[dqff p /dz](co,0) = 0, then we have to show [dq™ /dc](c , 0) 7^ 0. Since 



C^;ra,p 

dc 



(co,0) 



II <p(co,0)--^(c ,0) 



l<J^io<d-l 



cV: 



and by Lemma 5.7, the point (cq, 0) is not a root of P3 - / ■ q n ^ p (c, z), we only have to show 
[dQ n ,p/dc] (co, 0) 7^ 0. Furthermore, 

(9 ^(c , 0) = $ n _ ljP (c , 0) • J] Q„, fc (c , 0) • ^(c , 0) 



<9c 



fc|p,fc<p 



<9c 



and it is known that $ n _i iP (c , 0) • Ylk\pk<pQn,k(co, 0) 7^ 0. So we only have to show 
[<9$ niP /<9c](co, 0) 7^ 0. We shall choose a meromorphic quadratic differential with simple 
poles such that 

(/ co )*Q = Q+^(co,0)- <]:J 



dc 



Z-C 



Then with Lemma 5.14, we obtain [d& n>p /dc](co,0) 7^ 0. 
We shall use the following notations: 

^:=C +fc (0), 5 k := f CQ {z k ) = dz d k ~\ < fc <p- 1 
1A := 4(0), e, := f'Jyi) = dyf~\ 1 < J < n - 1 

With these notations and a bit of calculations, we get 



dc 



df< 



o(n+p) 



^(c ,0) = ^ ( Co ,o)-^^(c ,0) 



dc 



dfl 

dc 



= {So • • • Sp-i - l)(e n -i • • • £1 H h £ n -i£n-2 + £n-i + 1) 

+ <5 p _i • • • Si -\ 1- <5 p _i + 1 

Denote (S ■ ■ ■ <5 p _i - l)(£ n _i ■■■e 1 -\ h e n _i£ n _ 2 + £ n -i + 1) by a. Let 

p-i 



n-l 



Q = E^^ 2 + E 



A 



z — z k 



z-yi 



-dz' 



k=0 1=1 

be a quadratic differential in <2(C). Here Pk (0 < k < p — 1), A; (1 < / < n — 1) are 
undetermined coefficients (note that yi = Co). Applying Lemma 5.15 and writing / for 
f C0 , we have 



p-i 



f*Q = E 



Pfc / cfe 2 



fc=0 



cfe 2 



S k \z - z 



fc+1 



2 -C 



n-2 



E 



A, 



cfe 2 



<i?: 2 \ A n _i Z' ck: 2 



^£i\z-y, +1 z-cqJ e n _x\z~z z-c 



dz< 



P P -i A n _i \ <fe 2 po cfc 2 p p _2 dz 7 



Op-l £ n -i J z — z o So z — Z\ 



Sp-2 Z — Zp-i 



n-l 



1 v^ A; \ dz Ai <iz A n _o cfc z 

+ «~E 1 — + — + •••+ ■ " 



o 



1=1 



ei z-y-L e 1 z-y 2 



£n-2 % — Vn-1 



p-1 

+ E 

fc=0 



Pk \ dz 2 



Sk j z- c 
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We want to choose Q so that 



p-i 



/.e-e = - «+E 



Pfe \ dz 2 



fc=0 



4 / 2 - c 



It amounts then to solve the following linear system on the unknown coefficient vector 
(Po, • • • ,P P ~i, Ai, . . . , A n _i) : 



/ i 



5 



\ 



-1 



1 

5 „ 


-1 


p-2 






1 



1 + i 

J_ 

= 1 



e-2 



J_ 
£3 



"n— 2 °n— 1 



V 



Denote by A the coefficient matrix, we have 



det(A) 



/ Po \ ( \ 



1 / 



Pp-2 
Pp-1 

Ai 

A 2 





a 




V K-i J V o I 



'-l) n - l a 



do • • • Op_i ■ £i ■ ■ ■ en- 



Then whether k = or not, this linear system has non-zero solutions, and one of its 
solutions is 

po = S --- 5 p -i 

Pi — S%--- 5 p -i 



Pp-i — Sp-i 

Ai = (^o ■ ■ ■ Sp-i — 1) • £ n -i ' ' ' £ i 

A n -2 = {So • • • <V_i — 1) ■ £ n _i£ n _2 

, A n -1 = (Sq- • ■ 5 p ^i — 1) • En-l 



(5.6) 



Therefore, for (p , . . . , p p _i, Ai, . . . , A n _i) satisfies (5.6), we have 

Pk \ dz 2 



hQ-Q 



a 



+E 

fc=0 



Sk z - Co 



<9$„,p , _. cb: 2 

(co,0) 



cV: 



z -c 



As a conseqence [<9<3> niP /<9c](co, 0) ^ 0. 

Irreducibility of g n ° : By the smoothness of q J np (c, z) (n,p > 1, 1 < j '< d — 1) and the 
inductive assumption of irreducibility, we know that pj° v : V n ° p — >■ V^L lp is a branched 
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covering of degree d, V™_ lp and each connected component of V^ p is a Riemann surface. 
Then it is easy to prove that the restriction of p^ p to any connected component of Vl° p 
is also a branched covering. Since the set of critical points of p 



n,p 



D% p = {(c } 0)\C p (c,0)=0} 
is non-empty and each critical point has multiplicity d — 1, the set V^°„ must be connected. 



By Theorem 5.3 and the smoothness of q^ p , we conclude that q™ p (c,z) is irreducible in 

C[c,z}. 



□ 



6 Genus of the compactification of V? 



n,p 



In the previous section, we have seen that X np is the union of d — 1 Riemann surfaces 
{Vn, P }i<j<d-i an d any two of them intersect transversally at the singular points of X UyP . 
In order to give a complete topological description of X HtP , we also need the topological 



characterization of each V^ p . 



In fact, by adding an ideal boundary point at each end of V 3 np , we obtain a compacti- 
fication of VjL,, denoted by VjL,, such that V^ is a compact Riemann surface (in section 
. We will also calculate the genus of V ] np (in section 6.3). Topologically, X n>p is com- 



6.2 



pletely determined by he number of its singular points, the genus of V 3 n p and the number 
of ideal boundary points added on V^ p (or the number of ends of V^J for 1 < j < d — 1. 



So we can give a complete topological description of X np (Lemma 6.5) 



6.1 Itineraries outside the Multibrot set 

Here we give a symbolic discription of dynamics on the filled in Julia set for parameter 
outside Multibrot set. This will be used in next section. 

If c G C\Md, the Julia set of f c is a Cantor set. If c G RM d (9) with 6 ^ not 
necessarily periodic, the dynamical rays R c (9/d) . . . R c ((9 + d — l)/dj bifurcate on the 
critical point. The set R c (9/d) U . . . U R c ({9 + d — l)/d) U {0} decomposes the complex 
plane into d connected components. We denote by U$ the component containing the 
dynamical ray -R c (0) and by U\, . . . , Ud-\ the other components in counterclockwise order 
(see Figure QJ). The orbit of a point x G K c has an itinerary with respect to this partition. 
In other words, to each x G K c , we can associate a sequence in Z d whose j-th entry is 
equal to k if f° J ~ 1 (x) G £4 . This gives a map i c : K c ^t Z^. Moreover, i c is a bijective 
for any c G C \ M d . 

In Z^, we can define a shift which maps €16263 • • • to 626364 • • • . A sequence in Z^ is 
called (n, p)-preperiodic if it is preperiodic under shift with preperiod n and period p. It 
is known that for c outside Multibrot set M d , the dynamic of f c on K c is conjugate to 
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Figure 1: The regions U , Ui, U 2 , U 3 for a parameter c belonging to i?M 4 (l/15). 

shift on Z d via the map i c . In particular, z is a (n,p)-preperiodic point of f c if and only 
if l c {z) is a (n,p)-preperiodic sequence in Z d . 

6.2 Compact ificat ion of V ] np 

Denote by 7r£„: VjL, — >■ C the projection from V^ p to the parameter plane. It is easy to 
see 



TV 



n;p 



^p o p\, p o • • • o p;_i, P ° p; . 



where 7To p is the projection from X 0p to the parameter plane. By Theorem 2.1 and Lemma 



5.10, the map 7rjL,: VfL, — >■ C is a degree Ud(p)d a branched covering whose set of critical 
points equals to C 3 npl U C 3 np2 U C^ p3 , where C£ pa := C n)P)Q , fl V,^ p for all n,p > 1, 1 < 
j < d - 1, < a <4 (note'that C^ = 0). Let V^ := < P (C^J (a = 1, 2, 3). Then 
the critical value set of 7i J np , denoted by V^ p , is equal to V 3 \ U V^„ 2 U Ki, P ,3- 

Lemma 6.1. (1) For any 1 < i ^ j < d — 1, we have V* pl D V 3 X = 0. The set 



ic 



U=iKipi consists of all Misiurewicz parameters such that c is (l,p)-preperiod 
point of f c for some < I < n — 1 . 

(2) For any 1 < j < d — 1, V^ p2 U V^ p3 consists of roots and co-roots of all hyperbolic 
components of period p. 
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Proof. (1) By Proposition 4.4 the set Uj=i Ki, P ,i consists of all Misiurewicz parameters 
such that c is (/,p)-preperiodic point of f c for some < I < n — 1. If Co G V^ pl fl V 3 X for 
some l<i^j<d — 1, then c is a (Z,p)preperiodic point of / co for some I E [l,n — 1] 
and there are two points (c , Zi), (c , Z2) belonging to V l np and Vj[ respectively. It follows 
(cq, 0) G Vj +1 „ fl V/ +1 , a contradiction to Lemma 



5.7 



(2) follows directly from 7r£ )P = 7r , p o p^ o • • • o £^_ 1)P o p^ p and Theorem 



2.1. D 



Set IJil™i P ^n,p,i := ( 7r n,p)~ 1 (^'\^ a! )' w ^ere £ 3 npi is a connected component of (vr^ p ) _1 (C\ 
M d ), called an end of V 3 np . Fix any i G [1, vn? n J. Since C \ M rf contains no critical values 
of 7r£ )P , the map 



n,p,i 



is a covering whose degree is denoted by d 3 npiQ . Note that C \ Md is conformal to C \ D, it 
follows that £1 _ , is also conformal to C \ D. So if we add a point cx£ _ ,. to the infinite far 
boundary of £^ pio , then we get a new set <§^ o := £^ pio U {oo J n ^ o } and it is conformal 
to C \ D. The point oo^ P)io is called the ideal boundary point of £^ iPi j and d? n io is called 
the multiplicity of E 3 npiQ . In this case, ^i :P \ £ j can be extended to 



n,j>,»Q 






by setting ^i tP (oo 3 npio ) = 00. This map becomes a branched covering of degree c^ pio with 
a unique branched point 00^ iQ . 

Adding the ideal boundary point at each end of V-* , we obtain a compact Riemann 

surface V 3 np := V 3 np U{oo 3 npj } 1 ^{ p and an extended branched covering 7r^ p : V^„ — >■ C We 
are left to calculate the number m? np oi ends for V 3 np and the multiplicity d 3 npi of each end 
ofV J . 

u v n,p 

Definition 6.2. Let X, Y be two topological spaces, X is connected. Let f : Y — >■ X be 

a covering. Fix any base point xq G X , then the monodromy action of the elements in 
7Ti(X, Xq) gives a group morphism 

$/ : 7Ti(X,x ) — > sym(f' 1 (xo)) 

The image ofiri(X, xq) under $/ is called the monodromy group of f , denoted by Mon(f). 

Lemma 6.3. For any n,p > 1, l<j<d— 1, l<i< m? np , we have d 3 npi = d and 
m L P = v d (p)d 



n-2 



Proof The map tc-^ \ £J : B npi — > C \ Md is a covering. Fix Qj 6 C\ (Md U 
RmM), d i,p,i = #ynAel p J ( c °)- Since £ Lp4 is connected, Mon^J^J acts 
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on (TT^pLi ) (co) transitively. Then fixing any point (c ,z ) G (^, p Li ) (co), the 

\ n,p,i/ \ n,p,i / 

set {^i :P \ £ j ) (co) is exactly the orbit of (c , z ) under Mon(7r£ | 



n,p,i/ \ n 

Let c t : [0, 1] — y C \ M d be a oriented simple closed curve based at c such that 
c t intersects B,M d (0) at only one point c to . Let z t be the (n, p)-preperiodic point of f Ct 
obtained from the analytic continuation of zq along q. Note that as c varies in C \ 
(MrfUi?M d (0)), the (n, p)-preperiodic points of f c , the dynamical rays R c (0) and ^((^H- 
s)/d) (s G Z rf ) move continuously. Consequently, we have 

L ct (z t ) = i co {zo) fort G [0, t ) 
L ct (z t ) = Lcoizi) fort G (t , 1] 

Furthermore, on one hand, z t and R Ct {0) move continuously for t G [0, 1]. On the other 
hand, when c t passes through R Md (0), the dynamical rays R Ct {{6 t + s)/d) (s G Z d ) move 
discontinuously and jump from R Ct ^ {[6 t _ + s)/d) to R Ct {{0 t+ + s + l)/d), t_ < to < t + . 
So if ^(^o) = Pn ■ ■ ■ Piti • • • e P , then 



i«o(*i) = (/?n + 1) • • • (A + l)(ei + 1) . . . (e p + 1) (6.1) 



Hence the map & w j (c t ) maps (co,Zo) to (cq,zi) with z\ satisfying (6.1). Since 7Ti(C \ 
Md, c ) = (q), then we have 



n,p,z 



\ -l 

J (co) = {(co,z)|fco(z) = (A» + s)...(A + s)(e 1 + s)...(e p + s), s G Z d } 



As a consequence, c^ ^ = d and m£„ = Vd{j>)d n 2 - □ 

We can also use the itinerary to label the ends of V ] np . The open set W := C \ (M d U 
i?M d (0)) is simply connected. Let W^ p C V 3 np be the preimage of W by 7r£ : V^ p — >■ C. 
Since W 7 is simply connected, each connected component of W maps isomorphically to 
W by 7T^ >p (so there are i'd(p)d n ~ 1 components in W^ p ). 

Define t J n : W^ p — > 7^ by t^„(c, 0) = £ c (z). As c varies in W, the (n, p)-preperiodic 
points of f c , the dynamical rays R c (0) and R C ((0 C + s)/d) (s G Z^) move continously. As 
a consequence, the map 1? : W^„ — > Z^ is locally constant, whence constant on each 
connected component of W 3 n . Since i c : K c — > Z^ is bijective, distinct components have 
distinct itineraries, so each connected component of Ul pt of W 3 n p can be labelled by its 

,,p\Un,p,t)- 



itinerary l{ (U 3 n 



According to the proof of Lemma 6.3, each end of V^ contains d components of WjL, 
and they are labelled by 



{(P n + s)... (A + s)(e 2 + s)...(e p + s)( Cl + s) } s£Zd 

for some (n, p)-sequence /3 n . . . /3ie 2 . . . e p ei G Z^. We define an equivalence relationship in 
all (n, p)-preperiodic sequences in Z^ such that /3 n . . . /?ie 2 . . . e p ei ~ /3' n . . . /3[e 2 ■ ■ ■ e^ if 
and only if 



(3' n ... (3[e' 2 . . . e p e[ = {(3 n + s) . . . (ft + s)(e 2 + s)... (e p + s)(e 1 + s) 
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for some s G Z d . The equivalence class of (3 n . . . (3i€ 2 ■ ■ ■ e p ei is denoted by [/?„... f3\e 2 . . . e p ei] 
Then each £ 3 n<pi can be labelled by [4,p(^n, P ,j,J] where U 3 npis is a component of W{ p con- 
tained in S 3 npi . 

Proposition 6.4. All ends ofV 3 np can be labelled by {[(3 n . . . /^(ei + j)^2 ■ ■ ■ e p e i]} , where 
/3 m E lid for 2 < m < n and e 2 . . . e p ei € Z d is any p— periodic sequence under shift. 

Proof. Let £i ;Pi j be any end of V{ p . Let (co, w) be a point of £^ t with 6 Co (u>) = (3e 2 . . . e p ei. 
By the following commutative graph, We have /?i = ei + j. Then for (c ,z) belonging to 



A', 



(c,uh) 



o.[) 






fe /.(*)) 



(c /.(*)) 



a; 



o.;< 



c 

any end of V£ p , 

t Co (z) = (3 n ...f3 2 (e 1 + j)e 2 ...e p e 1 

which is some (n,p)-sequence in Z rf . So each end of V-(» can be labelled by [f3 n . . . (3 2 {e\ + 
j)e 2 . . . € p €i] for some (n,p)-preperiodic sequence (3 n ...(3 2 (ei + j)e 2 . . . e p e\. Besides, the 
number of all equivalence classes with the form [f3 n . . . (3 2 (ei + j)e 2 . . . e p €i] is b / d (p)d n ~ 2 , 
the same with the number of ends on V^ (Lemma 6.3). So all ends of V 3 np are labelled by 



{\Pn- ■ ■ ^(ei + j)e 2 . . . e p ei]\/3 n . . . /3 2 (ei + j)e 2 . . . e p e\ is a (n, p)-preperiodic sequence } 



□ 



6.3 Calculation of the genus of V J n 



Now, for any n,p > 1, 1 < j < d— 1, we have obtained a branched covering 7?^ : Vj[ — > C 
of degree v d {p)d n ~ l between two compact Riemann surface. By the Riemann-Hurwitz 
formula, we have 



2 — 2gl l + total number of critical points of 7r£ = 2v d (p)d 



■n-l 
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where g 3 denotes the genus of Vj* . So in order to calculate the genus of V^ p , we only 
need to count the number of critical points of n^ counting with multiplicity. It is known 
that the set of critical points for ir 3 n is 

r 3 1 1 r j i\a j 11 ino j \ v d{p)d n - 2 

We will count the critical points class by class. 

• Counting the points in C 3 V 
By the definition of C 3 n 1; we have 

n 

s=2 

Recall that D 3 S = {(c, 0) G C 2 \q 3 s (c, 0) = 0} is the set of critical points of p> . Fix 
any s G [2, n). Firstly, we claim #D J S = v d {p)d s ~ 2 : on one hand, q 3 sp (c, 0) = -<=>- 

^-i, P ( c > c ) = 0- So deg(gf_ ljP (c,c)) = v d (p)d s ~ 2 implies #C£ p < v d {p)d s ~ 2 . On the 
other hand, by the smoothness of V| at (c, 0) G -D^ p , we have [dq 3 s /dc](c,0) 7^ 0. 
It follows that each root of q 3 s ^ p (c, 0) is simple, and #D 3 S = v d {p)d s ~ 2 . 

Next, consider the map 

hi ■— ,J o • • • o r? ■ V 3 5- V 3 

°n,s,p ' trs-\-\,p trn,p ' n,p ' v s,p 

It is easy to see that the set of critical points of h 3 ns is disjoint from (h 3 nsp )~ 1 (D 3 s ). 



It follows that #(^ jS)P ) \D 3 sp ) = u d (p)d s 2 ■ d n s and each point in (h 3 nsp ) (D 3 sp ) 
is a critical point of 7r^ p with multiplicity d — 1. Therefore the total number of 
critical points of 7?£ in C^ pl is equal to 

n 

J2 Mp)d s ~ 2 ■ d n ~ s ■ (d - 1) = (n - 2)z/ d (p)^~ 2 (rf - 1). 

s=2 

Counting the points in C^ 3 

By definition, C 3 np3 = (p£ )P ) _1 o- ■ ■o(p[, p Y 1 (C ^) = (K^p)' 1 (C 0yP:3 ) . It is obvious 
that Co iP ,3 is disjoint from the set of critical values for h 3 n0 , then each point P in 
Co, p ,3 has exactly d n ~ x pre-image under h 3 nQp and each pre-image of P, considered 
as critical point of ir 3 np , has the same multiplicity as that of P considered as critical 
point of 7r 0iP . So the total number of critical points of tt 3 in C 3 3 is d n ~ l times the 
number of critical points of 7To, p in Co iP ,3. Now we are only left to count the number 
of critical points of 7r 0iP in Co, p ,3. 

Let Co^k — {(c?- 2 ) *= C 0>P:3 \z is k periodic point of / c }, then C 0iP ,3 is the disjoint 
union of all Co iPi 3,fc with k\p, k < p. Fix any k satisfying ko\p, k < p. Note that 
there are u d (ko)/d hyperbolic components in M d of period ko and on the boundary 
of any such component, there are (d — l)(p(p/ko) parameters with their parabolic 
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periodic points satisfying the property of Co,p,3,fco- (F° r an y t G N, ip(t) is the number 
of all numbers among {1, • • • ,t — 1} which are co-prime with t). Then #Co lPj 3,fc = 
{vd(k )/d)(d— l)<f(j>/ko)ko- Moreover, each point in Co, p ,3,fc has multiplicity (p/k ) — 
1 as a critical point of 7To, p . So the number of critical points of 7To iP in C*o,p,3 is equal 
to 

Y Mk)/d)(d-i)ip{p/k)k(p/k-i) 

k\p,k<p 

Hence, the number of critical points of 7r£ in CP 3 is 

^ $^ (^)/d)(d-%(p/*)fc(p/fe-l). 
fc|p,fc<p 

Counting the points in C 3 2 

By definition, C^ p2 = (p^,) -1 o • • • o (pi )P ) -1 (Co,p,2) = (^„,o,p) _1 (Co, P ,2). It is very 
similar to the case above. With the same reason, we can also conclude that the 
total number of critical points of fti j n C 3 2 is d n ~ x times of the number of critical 
points of 7r 0iP in Co, p ,2- 

Now we begin to count the number of critical points of 7r 0iP in C 0)Pi 2- By definition 
°f Co,p,2, the parameter set ~k^ p {C^ v ^) consists of co-roots and primitive roots of 
all hyperbolic components of period p. From section [3j the number of co-roots and 
roots for all hyperbolic component of period p is (d — l)vd(p)/d. Moreover, in the 
calculation of number of critical points in Co )Pi 3, we have actually got the number 
of root of the satellite components with period p, that is ^2 k \ pk<p (^d(k)/d)(d — 
l)(p(p/k). Then 

#C ,p,2=p[(d-l)v d (p)/d- J2 Mk)/d)(d-l)<p(p/k)\. 

k\p,k<p 



By Theorem 2.1, each critical point of Ho tP in Cq jP;2 is simple, then the number of 
all critical points of 7To )P in Co, Pi 2 is 

p[{d-l)v d (p)/d- Y, (Mk)/d)(d-lMp/k)]. 

k\p,k<p 

Hence the number of all critical points of 7?^ in C 3 2 is 

d n - l p[(d-l)u d (p)/d- Y, {vd{k)/d){d-l)ip{plk)\. 

k\p,k<p 

Counting the points in {oo 3 npi }^^ 



By Lemma 



6.3 



there are v d {p)d n ideal boundary points on V 3 np and each one is a 



n,p 

Tt 3 n with multiplicity d— 1. So the number of critical points of 7T^ p 



critical point o 

in {°°i, P ,rVi=? )dn ~ 2 is ec l ual to "d(p)d n - 2 (d - 1). 
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By the Riemann-Hurwitz formula, we have 
gi P = l + \v d { V )d n - 2 [{d-l){n + V )-2d]- l -d n - 2 {d-l) J2 ku d (kMp/k). 



k\p,k<p 



From the formula of genus and Lemma 6.3, it is known that both g J np (genus of V 3 np 



and vn? nv (the number of ends of V^ p ) are independent of j. So we can omit j for simplicity. 
The following lemma implies a complete topological description of V ] np (j G [1, d— 1]) and 

Lemma 6.5. (1) Si, 5*2 are two compact Riemann surface with the same genus. X\ C 
Si, X 2 C 5*2 are two finite set with #Xl = #X 2 . Then there exists a homeomor- 
phism h : Si — > S2 such that h(Xi) = h(X 2 ). 

(2) S is a compact Riemann surface and X C S is a finite set. Then for any a G sym(X), 
there exist a homeomorphism h : S —¥ S such that h(X) = X and h\ — a. 

They are classical results of topology of surface, then we omit the proof. 

Corollary 6.6 (Topological description of X np ). Topologically, V 3 np is determined by g nj) 
and m njP . X n<p is determined by g n , P , m n , p and #C n>P) 4. 



Proof. It follows directly from Lemma 6.5 and remark 5.13 □ 



7 The Galois group of Q n ^ p (c, z) 

The objective here is to study Q n , P (c, z) from the algebraic point of view by calculating 
its Galois group. 



7.1 The Galois group of a polynomial 

Let M be a field, f(x) G M[x]. If all roots of / are simple, then the splitting field of / 
over M, denoted by L, is called the Galois extension over M. The Galois group of / is 

Gal(f) = {a G Aut(L)\a\ M = id M }- 

Note that each a G Gal(f) can be seen as a permutation on the roots of / and it is 
completely determined by this permutation, then Gal(f) can be seen as a subgroup of 
sym(roots of /). Usually, Gal(f) doesn't equal to the symmetric group on all roots of 
/, so we can see some intrinsic structure and symmetry of polynomial / from its Galois 
group. 

Now let M — K — C(c), and let P(c,z) G K[z] be a polynomial about c and z. If 
P(c, z) has no multiple roots in K[z], applying the statement above to P(c, z), we obtain 
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a Galois group Gal(P) of P(c,z). In fact, the Galois theory admits an interpretation in 
terms of the covering theory. Here we only state what we need as a theorem below. 

Let P(c, z) E C[c, z] C K(z) be a polynomial, monic in z, and C be the affine algebraic 
curve defined by P(c, z) = 0. Denote by 7i P : C — > C, (c, z) K c be the projection to the 

dP 

first parameter and by Cp = {(c,z)6C: -=— (c, 2) = 0} the set of critical points of tip. 

If Cp 7^ C, then C \ Ttp^ijtpiCp)) is a covering of C \ 7r P (Cp). So for any c G C \ 7r P (Cp), 
we obtain a group morphism 

$p : 7Ti (C \ n P (Cp), c ) — ► sym(7Tp 1 (c )) 



whose image is the monodromy group Mon(P) (see Definition 6.2). 

In fact, the monodromy action of 7Ti(C \ 7rp(Cp),c ) on 7Tp 1 (c ) under the covering 
map Tip is induced by analytic continuations. By the Implicit Function Theorem, for 
Co G C \ iip(Cp), there exist deg(P(co, z)) local holomorphic solutions for P(c,z) = 
at Co- These solutions accept analytic continuations along any curve in C \ np(Cp). So 
analytic continuations along the closed curves based on Co give a group morphism 

P : 7Ti(C\ TTp(C P ),c ) — ► sym(Zp) 

where Z P is the set of roots of P(c ,z) = (note that 7Tp 1 (c ) = {(c , z) E C\z E Z P }). 
The monodromy action of 7 E 7Ti(C \ n P (Cp),c ) under 7r P : C \ n p 1 (np(Cp)) — > C \ 
7Tp(Cp) is induced by the analytic continuation of local solutions of P(c, z) = at Co along 
7, that is 

M7)(co,*0 = ( c o 5 0p(7)(^)) 
for all (co,-?) G 7Tp (co). So Mon(P) is isomorphic to AC(P) := 0p(7Ti(C \ 7Tp(Cp),c )). 

Theorem 7.1. T/ie Galois group of P(c,z) is isomorphic to the monodromy group of 
tt p :C\ ti p 1 (tip(Cp)) -> C \ 7rp(Cp), #mi zs , GaZ(P) = Mon(P). 

This proposition is due to the correspondence between the Galois theory and the 
covering theory. One can refer to [H] for its proof. 



Now we can compute the Galois group of Q n , P with the help of Theorem 7.1 
7.2 The Galois group of Q U)P 



We apply the discussion in 7.1 to Q n ^ p (n,p > 1). In proof of Lemma 5.7, we have seen 
that Q n ,p{c, z) has no multiplie roots as a polynomial in K[z\. So the splitting field of 
Q n ,p{c, z) over K is a Galois extension over K and then we obtain the Galois group of 
Q n>p , denoted by G n<p 

Let Ti n . p : Xn tP — > C be the projection from X n>p to parameter space. From the previous 
content, we know that 7r njP = |JI 1 vr^ and the set of critical points is 

G n} p '■= ^n,p,l U C Ut p t 2 U ^n,p,3 U ^n,p,4- 
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The set of critical values V n ^ p = Kn,p{C n ,p) is equal to the union of Uj=i Ki, P together with 
the center of the hyperbolic components of period p (Lemma 6.1 ). 



According to the discussion in 7.1 and Theorem 7.1 , fixing any c G C \ M d cC\ V UjP , 
we have two group morphisms: 



$ n>p : C \ V H:P -)■ sjm(Tc n Uco)) and <j) niP : C \ V ri:P -»■ sym(Z, 



n,pj 



(Z n>p consists of all (n,p)-preperiodic points of / Co ) and three kinds of expressions of the 
Galois group of Q n>p G K[z] : 



G n , p = Mon n , p =* AG, 



n,p- 



We will compute the Galois group of Q n , P (c, z) in terms of the expression AC n<p . 
Firstly, we will find some necessary properties that AC n ^ p should satisfy. 

AC n>p = {c^„ \<Jnj, is the permutation on Z n>p induced by 7 G 7Ti(C \ V^. iP )}. 

Choose any a^ G AC niP . Note that 7 can be seen as the element of 7Ti(C \ Vi tP ) for any 
< / < n. Then by the monodromy theorem of analytic continuation, we have 



/co ° <p = <7t-l,v ° /co OI1 Z «,i 



(7.1) 



Now we turn to the expression G n)P . For a G G n>p , let A be any root of Q n<p in K. If wA 
is also a root of Q n , P , then cr(u;A) = ua(A) is a root of Q UtP , that is, a commutes with 
d-th rotation. (In case n > 2, if A is a root of Q njP , then wA is always a root of Q n , P - But 
this fails in case n — 1). Interoperating of this property in term of the expression AC ntP , 
we have 



For any a 1 G AC„ iP , z G Z nm if W2; G Z n , p , then a% Jujz) = wcr^Jz) 



(7.2) 



So we have had two necessary properties that AC n)P should satisfy. What we would 
like to prove is that no other restrictions are imposed on AC n ^ p . Set H Qp := AC 0tP , 
consisting of all permutations of Z Qp which commute with f Co (5 of Theorem 2.1). For 
n > 1, inductively define by H n<p the subgroup of sym(Z„ iP ) consisting of all permutations 



satisfying (7.1) and (7.2), that is 



For each a G H n>p , there is an unique a' G H n -\^ such that f Co o a 
Jco 



a' o 



(7.1 



For each a G H ntP , z G Z n ^ p , \iujz G Z ntP , then a{ujz) 



UJO\Z) 



(7.2 



a' is called the restriction of a on Z n _i „, denoted by aL 

'" '^n — l,p 

Proposition 7.2. For n > 1, AC njP = i? n)P , or equivalently, G n _ p consists of all permu- 
tations on roots of Q n , P which commute with f c and the d-th rotation. 
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Proof. The inclusion "C" is obvious. We will show "D" by induction on n. 
As n == 1, suppose Z , p = {z a } 1<8<Vj(t)V then Z ljP = {^Zg}^' 



l<8<V d (pV 



^<s<Vd(p) 



Choose any 



ox G H liP , properties (7.1 ) and (7.2 ) imply that 



Ol(u 3 Z s ) =uj j o (z s ). 



(7.3) 



where o := o\ z , j G [l,d — 1], s G [l,^(p)]. Since H 0p = AC 0:P , there exists 
7o G 7Ti(C\Vo,p, Co) with o^° = oq. We can find 71 G 7Ti(C\Vi iP , cq) such that 71 



By the following commutative diagram 



(c,u 3 z) 



Xo, v 




(c/«W) 



fe/cW) 



c\v 0?p 



7o- 



we have cr^ 1 = a i> an d hence Gi iP = #i,p. From (7.2), we can also see ACx, p — AC 0:P . 



Assume now AC^ P = Hi p for 1 < / < n (n > 2). Denote k„, := Vd{p)(d—l)d n , Z n -i 



{ w «}k,< k ; Then Z ^v = {^ z i}x<i <Kn > where /< 



c^z; 



Wj. Let o n be any element of 



H n>p . By property (7.1 ) and assumption of induction, 

OVj-I := C"n U n G -fln-ip = AO n _l« 



Then there exists 7„_i G 7Ti(C\ V n _i iP , Cq) with o n "_ / = er n -i- Consider 7 n G 7Ti(C \ V^ 



such that 7,, 



'cxv^j, 



/ n — l,p ' 



then we have 



C" 



7n I 
n )P' z n-l,p 



"fn— 1 

' n—l,p 



ff -"-i' P = °n-\- 



Set 5 = (cr^p) o o n , then <5| Zn 



zd and by properties (7.2), (7.2 ), 



6 = Jl(j i (j i + l)---(d-l)l---(j i -l)) 



i=\ 



where (ji (ji+1) • • • (d—1) 1 • • • (ji — 1)) is the cyclical permutation on {z i} uzi, . . . , u l Zi] 



mapping Zi to w J '» -1 Zi. To finish the proof of Proposition 7.2, we only need to find an 
element A G 717 (C \ V ntP , c ) such that o* = 0. In fact, we will show a stronger result: for 
any i G [1, K n ], we can find Aj G 7Ti(C \ K, P , c ) with o^ p = (ji (ji + !)••• (ji - 1)). 
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Fix any i Q G [l,K n ]. Suppose {z io , uz io , ...,u d 1 z io } C V™ p for some j G [l,d- 1]. 
Let (c, 0) G V,^ p be a critical point of 7r n>p . Then by the Implicit Function Theorem, a 
neighborhood of (c, 0) in X n ^ can be written as 

{ (c, z c ) U (c, uz c ) U ■ ■ ■ U (c, u/ -1 ^) I \c — c\ < e} 

where z c is a (n,p) preperiodic point of f c nearby for c ^ c and z^ = 0. The map 
7r np is a degree d branched covering in a neighborhood of (c, 0) with only one branched 
point (c, 0). As c make a small turn around c, the set {z c , o;z c , . . . , u d ~ 1 z c } gets a cyclical 
permutation with ui°z c mapped to co J+1 z c and other (n,p) preperiodic points of f c get 
fixed. It follows that for 7 G 7Ti(C \ Ki,p, Co) homotopic to c, cr^ = (2- ■ ■ d 1) acts on 



some {z iic 



ijj 



d-X 



z iit } such that {(cQ,u 3 ZiJ)\Q < j < d — 1} C V^° . Now we connect 



(co,z io ) and (c ,z u ) by a curve from (c ,z io ) to (cq, z*J on V™ p \ n n x {V n>p ) and denote 
its projection under 7r„ p by /3. With an abuse of notation of curves and their homotopy 
classes, we have /? G 7i"i(C \ V^ iP , Co). Then 



Ai = /3 .y l0 -i. /3 -i 



satisfies our requirement. 



□ 



By Theorem 2.1 we have known the Galois group Gq ;P . Then with Proposition 7.2 
we can calculate G n ^ p by induction on n. In the proof of this proposition, we obtain 
Gi,p = Gq jP and a short exact sequence 







n. 



G n . 



G n - 



l.p 



n>2 (K n = v d (p)(d - l)d n ~ 2 ) 



We will show that G n)P can be expressed as the wreath product of Z^" and G„_i )P for 
n > 2. 

Definition 7.3. Lei G be a group and T, be a subgroup of sym(7L,i). Denote by E x G d 
the wreath product of G and T,. As a set, it consists of g = cr g (gi, ■ ■ ■ ,gd) where gi G G 
and (J g G E. The multiplication is defined by 

g-h = a g (gx,--- ,g d ) -a h {hi,--- ,h d ) = a g o a h (g <Th{l) ■ hi, • ■ ■ ,g ah (d) • h d ). 

Under this multiplicity, E x G d is a group with g^ 1 = cr^ 1 ((? -1 ,, v • • • ,g~-i n s) and unit 
element (0, . . . , 0). 

Corollary 7.4. For n>2, G n>P 



= G 



n—X,p ^ Z 



i> d (p)(d-l)d n - 2 
d 



Proof. A nice way to visualize the action of G n>p on points Z n ^ p is to consider the following 
table: 



Wx 


w 2 




w*»-l 


»«„ 


Zx 


z 2 




Z K n -l 


Z fi« 


OJZx 


0JZ 2 




uz Kn -x 


uz Kn 


, ,d— 1„ 

Ul Zx 


UJ d ~ X Z 2 




, ,d—X _, 


U d - X Zn n 
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where Z n _ ltP = {wi}^, uJ 3 Zi (0 < j < d — 1) are the preimages of Wi under f co . An 
element of G UyP permutes the columns and within each column, it performs a cyclic shift. 



Algebraically, let a be any element of G n<p , by Proposition 7.2 for 1 < i < n n 



a(zi) = u Ca{ ~ %) z Sa (i) where c a G Z^ n and s a G G n _i, p 
and a is completely determined by c a and s a . We obtain a map 

ip : G n>p -> G„_i, p x Z^ with ^0) = s CT (c CT (l), • • • ,c CT (/t n )) 
For any a, r G G^, i G [1, « n ]. 

a ■ r(zi) = a(r( Zi )) = a(u cAi) ■ z ST{i) ) = uj Ct{i) ■ ct(z St({) ) 

Then we have 

lf)(ff. T ) = S a -S T ( C CT (s T (l)) +C T (1), ••■ , Cff(s T (Kn)) +C T (« B )) 
= s ff (c ff (l), ••• , c CT (/€ n )) -s T (c r (l), ••• , C T (« n )) 

Thus ^ is a group isomorphism. The injectivity is obvious and subjectivity is ensured by 



proposition 7.2 □ 



To end this manuscript, we will provide some simple remarks on the relationship 
between the Galois group of Q UjP and the Galois group of q 3 n (1 < j < d — 1). For 
n>l, p > 1, denote by G 3 np the Galois group of q* np . Note that the splitting field of q> np 
are all the same as that of Qo, p , then 

G , p = G{ p = G 1>p ioTl<j<d-l. 



For n > 2, by the same reason as that of Proposition 7.2 and corollary 7.4, we have 
G J np = G J n _ lp x Zj P) . There are two natural group morphisms: 

si 

G n , p -^ G^ — > such that 4, P «p) = a% p 
where jj is the image of 7 under the canonical map from 7!"i(C \ V n #) to 7Ti(C \ V^„), and 

— ► G n , p ^> G^ x • ■ ■ x G d - p l such that v P « p ) = « p , • • • , < p )- 
However, we have G n , p % G\ x • • • x G d ~ p for n > 1, d > 3. Note that for any n > 2, 

^, p x ... x Gt/ = ]I(Gi_ liP x r/^"' 2 ) = (GU P x • • • x Gt\, P ) x Z^^'" 3 



and G n , p = G n _i )P x Z d ' 



u d (p)(d-l)d 



n-2 



By an induction on n, it reduces to show Gi tP % G\ x ••• x G^A This is obvious 



id-l 
luucuoii 011 74, 11 reuuces iu snuw lti, p ^= <-xj p a • • • a u 

because 

Gr^ >^fl r^ rNj /~ld— 1 r^ /~l 

l,p — vj-ijp — • • • — Lr lp — Cjo, p . 
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